A new measure of dependence:
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Correlation

X, Y — Correlation?

Linear univariate dependence
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Correlation

X, Y — Correlation?
Bivariate gaussian variable (dependence)
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Correlation

X, Y — Correlation?

Independence
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Linear correlation

Linear correlation: X e R, Y € R
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Linear correlation

Linear correlation: X e R, Y € R

Covariance

Cov(X,Y) = E[(X = E(X))(Y — E(Y))]
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Linear correlation
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Linear correlation

Linear correlation: X e R, Y € R
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Linear correlation

Linear correlation: X e R, Y € R

Cov(X,Y) = E[(X = E(X))(Y — E(Y))]

Pearson correlation coefficient (kar Pearson, 1880)
Cov(X,Y
p(X,Y) = X, Y)
\/ Var(X)y/Var(Y)

Properties:
pE [_17 1]
p=0< X e Y are linearly uncorrelated

p measures the degree of linear correlation between variables

Invariant to scale-location changes

Bivariant normal case: p characterizes independence
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Linear correlation

Linear correlation: X e R, Y € R

Covariance

Cov(X,Y) = E[(X = E(X))(Y — E(Y))]

Pearson correlation coefficient (kar Pearson, 1880)

pIXY) = \/Vac;(():(())f/’\tav)r(Y) e ﬁf \;57
X\ 2Y
Properties:

e pe[-1,1]
@ p=0<« X e Y are linearly uncorrelated
@ p measures the degree of linear correlation between variables
@ Invariant to scale-location changes
o Bivariant normal case: p characterizes independence
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Scenario 1: no correlation

¥y [gaussian)

Independence
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x (normal estandar)
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Scenario 1: no correlation

Independence
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Scenario 2: positive correlation

Linear univariate dependence
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Scenario 2: positive correlation

Linear univariate dependence

r =0.9662

X + e (standard gaussian)

y=

o
X (standard gaussian)
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Scenario 3: negative correlation

Bivariate gaussian variable (dependence)
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Scenario 3: negative correlation

Bivariate gaussian variable (dependence)

r=—0.6752
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Limitations of Pearson correlation

@ Lack of robustness
© Unable to capture general dependence estructures

© Non-applicability to multidimensional variables
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Scenario 4: Lack of robustness (!)

Linear dependence and two atypical points
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Scenario 4: Lack of robustness (!)

Linear univariate dependence Linear dependence and two atypical points

X + ¢ (standard gaussian)
X + e(standard gaussian)

y:
y=

0
X (standard gaussian)
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Scenario 4: Lack of robustness (!)

Linear univariate dependence Linear dependence and two atypical points
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r = 0.9662 r = 0.6845
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Robustified dependence measures

Spearman’s rank correlation coefficient rs (1904)

rs = p(R(X), R(Y))
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Robustified dependence measures

Spearman’s rank correlation coefficient rs (1904)

rs = p(R(X), R(Y))

Kendall's rank correlation coefficient 7 (1938)

_ #{concordant pairs} — #{discordant pairs}
N #{number of pairs}
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Robustified dependence measures

Spearman’s rank correlation coefficient rs (1904)

rs = p(R(X), R(Y))

Kendall's rank correlation coefficient 7 (1938)

_ #{concordant pairs} — #{discordant pairs}
N #{number of pairs}

cor (x,y)
cor(x,y, method="spearman")
cor(x,y, method="kendall")
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Scenario 4: Lack of robustness (!)

Linear dependence and two atypical points

Linear univariate dependence

y =X + & (standard gaussian)

4 o 2 2 4 o
X (standard gaussian) X (standard gaussian)

r = 0.6845

r = 0.9662 rs = 0.8500
7 =0.7735
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Limitations of Pearson correlation

@ Lack of robustness
© Unable to capture general dependence estructures

© Non-applicability to multidimensional variables
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Scenario 5: General dependence (!)

Non linear dependence

X2 + e(standard gaussian)

y=

x (standard gaussian)
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Scenario 5: General dependence (!)

Linear univariate dependence Non linear dependence
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Scenario 5: General dependence (!)

Linear univariate dependence Non linear dependence
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Limitations of Pearson correlation

@ Lack of robustness
© Unable to capture general dependence estructures

© Non-applicability to multidimensional variables
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Scenario 6: Multidimensional covariable

r(x,y) =7
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Scenario 6: Multidimensional covariable

r(X1,Y) = —0.0251 r(X2, Y) = —0.1561
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Measuring dependence

X eRP Y eRY
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Measuring dependence

X eRP, Y eRY
ox(t) = E |:eitX}

Independence condition

XY = PXPY
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Measuring dependence

X eRP, Y eRY
ox(t) = E |:eitX}

Independence condition

XY = PXPY

1 t,s) — t 2
/ lox,v(t,s) — ox(t)ey(s)] dtds
RpPt+q

2 _
HSOX7Y SOX(&OYH - Cqu |t‘1+p|5|1+q

Székely et al. (2007)
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Distance correlation

Distance covariance

Given X € RP, Y € R9 random vectors with finite first order
moments E(|X]) < oo, E(|Y]) < co. Distance covariance between
them is defined as the square root of

V2(X,Y) = |lox,y — oxpy
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Distance correlation

Distance covariance

Given X € RP, Y € R9 random vectors with finite first order
moments E(|X]) < oo, E(|Y]) < co. Distance covariance between
them is defined as the square root of

V2(X,Y) = |lox,y — oxpy

Distance correlation

Given X € RP, Y € R9 random vectors with finite first order
moments E(|X]) < oo, E(|Y]) < co. Distance correlation between
them is defined as the square root of

V2(X,Y)

VVEX)VA(Y)

R3(X,Y) =
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Distance correlation

Properties of R(X,Y)
@ Adimensional and bounded: R(X,Y) € [0, 1].

@ Non-negative.

o Characterizes independence.

@ In bivariate normal case

R(X,Y) < [p(X,Y)]
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Empirical statistics

Evaluables on a sample {X;, Y;}"_;
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Empirical statistics

Evaluables on a sample {X;, Y;}"_;
@ Distance matrix: ay = ’Xk - X/|

@ Double-centered distance matrix: Ay = ay — ax. —a.; +a...

Maria Vidal Garcia IX Xornada de Usuarios de R en Galicia



Empirical statistics

Evaluables on a sample {X;, Y;}"_;
@ Distance matrix: ay = ’Xk - X/|

@ Double-centered distance matrix: Ay = ay — ax. —a.; +a...

1
VZ(X, Y) < 2 = — Z /Bk/,
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Empirical statistics

Evaluables on a sample {X;, Y;}"_;
@ Distance matrix: ay = ’Xk - X/|

@ Double-centered distance matrix: Ay = ay — ax. —a.; +a...

n

1
V3(X,Y) ~ V2 = - Z Ak B,

V2(X,Y)

VVZX) V(Y)Y

R(X,Y)  «
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Empirical statistics

R package energy (2019): library(energy)

e Cilculo de V2

a <- dist(x); b <- dist(y)
A <- Dcenter(a); B <- Dcenter(b)
V2 <- sum(A*B)/(n?)

dcov (x,y)?
dcov2d(x,y)

o Cilculo de R:

dcor(x,y)
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r  =0.0039 < cor(x,y)
R =0.1474 <+ dcor(x,y)

r =0.9662
R =0.9479
r = —0.6752
R =0.6186
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Scenario 5: General dependence (!).

Non linear dependence

r=0.1210

x*2 + e(standard gaussian)

R = 0.5250

y=

x (standard gaussian)
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Scenario 6.1: Multidimensional covariable. Independence
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Scenario 6.1: Multidimensional covariable. Independence

r(X7y) =7

R(x,y) = 0.1902
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Scenario 6.2: Multidimensional covariable. Non-linear
dependence with one component

(1]
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Scenario 6.2: Multidimensional covariable. Non-linear
dependence with one component

(1]

r(x,y) =7

R(x,y) = 0.3411
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Scenario 6.2: Multidimensional covariable. Non-linear
dependence with one component

0 1 2 1 0 1
x1 x2

r(X1,Y) = —0.0251 r(Xz, Y) = —0.1561
R(X1,Y) = 0.4525 R(X2, Y) = 0.1939
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Scenario 7: High dimension. Linear dependence with every
component

High dimension: p > n
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Scenario 7: High dimension. Linear dependence with every
component

High dimension: p > n

p = 110; n =100
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Scenario 7: High dimension. Linear dependence with every
component

High dimension: p > n

p = 110; n =100

Xy 1 1 0 0 0
x=|%| ~ w||t]. |0t 0 0

X, 1 0 0 0 1
14 = Xi+Xot ..+ Xp+e
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Scenario 7: High dimension. Linear dependence with every
component

r(X,Y)=? R(X,Y) = 0.4291

r(X1, Y) = 0.0995 R(X1, Y) = 0.2104
r(X2, Y) = —0.0844 R(X2, Y) = 0.1513
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Independence tests

{ Ho : ox.y = ¢xpy (independence)
H1 L PX,Y ;é ©OXPyY (dependence)
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Independence tests

{ Ho : ox.y = ¢xpy (independence)
H1 L PX,Y ;ﬁ ©OXPyY (dependence)

Independence test based on V2

@ Based on asymptotic results.
@ Permutation test.
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Permutation test

Original sample:
{(Xi, Vi)Y —

Maria Vidal Garcia IX Xornada de Usuarios de R en Galicia



Permutation test

Original sample:
(XY, — V2

Maria Vidal Garcia IX Xornada de Usuarios de R en Galicia



Permutation test

Original sample:
(XY, — V2

Permutations of the original sample:

je{l,, By {1,..n} = {m(1),....m(n)}
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Permutation test

Original sample:
(XY, — V2

Permutations of the original sample:

je{l,, By {1,..n} = {m(1),....m(n)}

n 2
{(Xiv Yﬂj(i)) =1 Vﬁj

Maria Vidal Garcia IX Xornada de Usuarios de R en Galicia



Permutation test

Original sample:
(XY, — V2

Permutations of the original sample:

je{l,, By {1,..n} = {m(1),....m(n)}

n 2
{(Xiv Yﬂj(i)) =1 Vﬂ'j

Independence test

Permutation test

#e{L, .., B}IV% > V2 +1
o= B+1
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Independence.




Independence tests

,,,,,,,,,,,,,,,,,

dcov.test(x,y,R=499)

Maria Vidal Garcia IX Xornada de Usuarios de R en Galicia



Independence tests

,,,,,,,,,,,,,,,,,

dcov.test(x,y,R=499)

dCov independence test (permutation test)
data: index 1, replicates 499
nV? = 0.76471, p — value = 0.77
sample estimates:
dCov
0.08744772
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Independence tests

Permutation test results

Scenario r(X,Y) | R(X)Y) | p-value | Reject Hp
1. Independence 0.0039 | 0.1474 | 0.77 NO
2. Linear dependence 0.9662 0.9480 0.002 YES
3. Dependence in bivariate normal -0.6752 | 0.6186 | 0.002 YES
4. Linear dep + atypical obs 0.6845 | 0.8579 | 0.002 YES
5. Non-linear dependence 0.1210 0.5250 0.002 YES
6.1. X € R%: independence ? 0.1902 | 0.672 NO
6.2. X € R?: non linear dependence ? 0.3411 0.002 YES
7. High Dimension: linear dependence ? 0.4291 | 0.002 YES
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Independence tests

Permutation test results

Scenario r(X,Y) | R(X)Y) | p-value | Reject Hp
1. Independence 0.0039 | 0.1474 | 0.77 NO
2. Linear dependence 0.9662 0.9480 0.002 YES
3. Dependence in bivariate normal -0.6752 | 0.6186 | 0.002 YES
4. Linear dep + atypical obs 0.6845 | 0.8579 | 0.002 YES
5. Non-linear dependence 0.1210 0.5250 0.002 YES
6.1. X € R%: independence ? 0.1902 | 0.672 NO
6.2. X € R?: non linear dependence ? 0.3411 0.002 YES
7. High Dimension: linear dependence ? 0.4291 | 0.002 YES

The proposed independence test detects also the existence of

dependence within the covariable.
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Take home message

@ Pearson correlation: cor
Easy to interpret
Lack of robustness, Just linear relations, Just unidimensional

@ Spearman and Kendall: cor(..., method=" ")
Robust
Just monotone relations, Just unidimensional

© Distance correlation: energy: :dcor
General dependence, multidimensional

Independence test: dcov.test(x,y,R=499)
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